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We investigate the orientation dependence of high-order harmonic generation (HHG) from H+2
with different internuclear distances irradiated by intense laser fields both numerically and analyti-
cally. The calculated molecular HHG spectra are found to be sensitive to molecular axis orientation
relative to incident laser field polarization and internuclear separation. In particular, the spectra
calculated for different orientation angles demonstrate a kind of intersection, which is identified
as arising due to intramolecular two-center interference in the HHG. The striking ”intersection”
phenomenon can be used to probe the molecular instantaneous structure.
PACS numbers: 33.80.Rv, 42.65.Ky, 32.80.Rm
High-order harmonic generation (HHG) from aligned
molecules in strong laser fields of femtosecond duration
has proven to be a powerful tool for resolving and con-
trolling the processes in an ultrafast time scale. For in-
stance, recent experiments showed that calibrating the
molecular recollision electronic wave packet by a refer-
ence atom, the HHG spectra can be used to image molec-
ular orbital[1], and measuring the interference minima
in the HHG spectra[2, 3, 4, 5], the HHG can also be
used to probe molecular instantaneous structure[6, 7].
Moreover, the investigations on the molecular orbital
tomography[8, 9, 10, 11, 12] and the effects of two-center
interference in the HHG[13, 14, 15, 16, 17, 18, 19] are
leading valuable insights into the mechanism of atomic
and molecular HHG.
Nevertheless, theoretical studies demonstrated that in
some cases, the molecular properties already enter the
recollision electronic wave packet. Accordingly, the spec-
tral amplitude of the molecular recollision electronic wave
packet is largely different from its reference atom in some
energy regions[20]. This implies that accurately calibrat-
ing the molecular recollision electronic wave packet can
be difficult for some species of molecules. In addition,
it was revealed that both two-center interference[2] and
the interference between different recombination electron
trajectories[21] are responsible for the suppressed har-
monics at certain orders. As a result, the minima in har-
monic spectra may shift as the laser intensity changes[22].
In the present paper, numerically investigating the ori-
entation dependence of the HHG from H+2 with different
internuclear distances, we find that the molecular HHG
spectra are sensitive to molecular axis orientation rela-
tive to incident laser field polarization as well as to the
internuclear separation. In particular, the spectra calcu-
lated for different orientation angles demonstrate a kind
of intersection, which is identified as arising due to in-
tramolecular two-center interference in the HHG. Com-
pared to the interference-related minima in the HHG
spectra, the intersections of the harmonic spectra are
easy to identify in practice. This finding is advocated
for promising applications as a prospective tool to probe
the molecular structure and dynamics.
Let us consider the Hamiltonian of H+2 as (the atom
units of h¯ = e = me = 1 are used throughout this paper)
H(t) = p2/2 + V (r)− r ·E(t), (1)
where V (r) is the Coulomb potential and E(t) is the
external electric field. In the 2D case, the Coulomb
potential is written as V (x, y) = −Z√
0.5+(x+R/2)2+y2
+
−Z√
0.5+(x−R/2)2+y2
, where Z is the effective charge, and
R is the internuclear separation, (for Z = 1 and R = 2
a.u., the ground state energy for H+2 reproduced here is
Ip = 1.11 a.u.). In this paper, we assume that the molec-
ular axis is coincident with the x-axis and the external
field E(t) = E~e sin(ω0t) is linearly polarized with an ori-
entation angle of θ to the molecular axis. E and ω0 are
the amplitude and angular frequency of the laser field.
~e is the unit vector along the laser polarization. Our
calculation will be considered for 780 nm trapezoidally
shaped laser pulses with a total duration of 10 optical
cycles and linear ramps of three optical cycles. Numeri-
cally, the Schro¨dinger equation with the above Hamilto-
nianH(t) is solved by the operator-splitting method with
2048 time steps per optical cycle. The numerical conver-
gency is checked using a finer grid. The coherent part
of the harmonic spectrum is obtained from the Fourier
transformed dipole acceleration expectation value, and
only the harmonics polarized parallel to the incoming
field are considered[2].
To analytically investigate the molecular HHG, we use
the Lewenstein model[21] and consider the acceleration
effect of the bound potential[1, 2]. The time-dependent
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Figure 1: Harmonic spectra of 2D H+2 with Z = 1, R = 2 a.u.
at different laser intensities and orientation angles θ, obtained
by the exact numerical calculation.
dipole moment is given by[15, 16]
x(t) = i
∫
∞
0
dτ
(
π
ǫ+iτ/2
)
d∗rec(pst −A(t))e−iS(pst,t,τ)
×E(t− τ) · dion(pst −A(t− τ)) + c.c., (2)
where S(pst, t, τ) =
∫ t
t−τ dt
′′
[(
pst−A(t′′)
)2
/2+Ip
]
is the
semiclassical action, A(t) = − ∫ E(t′)dt′ is the vector po-
tential of the external field, and pst =
∫ t
t−τ dt
′′A(t′′)/τ
is the canonical momentum corresponding to the station-
ary value. dion(p) = 〈p|ˆr|0〉 = (2π)−3/2
∫
∞
−∞
drexp(−p ·
r)r〈r|0〉 is the bound-free dipole transition matrix ele-
ment between the molecular ground state |0〉 and the
continuum |p〉 in the ionization step, and drec(p) =
〈pk |ˆr|0〉 = (2π)−3/2
∫
∞
−∞
drexp(−pk · r)r〈r|0〉 is that
in the recombination step which considers the effect of
the electron acceleration in the vicinity of the parent
ion before recombination, i.e., the effective momentum
pk =
√
p2 + 2Ipp/|p| is adopted to describe the acceler-
ation effect[1, 2, 9, 15].
The wave function of the valence orbital of the H+2
molecule with 1sσg symmetry, investigated here, is ex-
pressed in the LCAO-MO approximation
ψ1sσg (r) = N1sσg [φ1s(r+R/2) + φ1s(r−R/2)], (3)
where N1s is the normalization factor, φ1s is the atomic
1s orbital in the configuration space, and R is the vector
between the two atomic cores of the molecule. Then, the
dipole transition moment for H+2 can be written as
d1sσg (p) = 2iN
′
1sσg [− cos(p ·R/2)d1s(p)
+ sin(p ·R/2)φ˜1s(p)R/2], (4)
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Figure 2: Harmonic spectra of 2D H+2 with Z = 1, R = 2 a.u.
at different laser intensities and orientation angles θ, obtained
by the exact numerical calculation.
where d1s(p) is the atomic dipole moment from the 1s
orbital, and φ˜1s(p) is the 1s wave function in the mo-
mentum space.
In Eq. 4, The factor cos(p ·R/2) represents two-center
interference[23], and the term, which is proportional to
the internuclear distance R, leads to the breakdown of
translation invariance. In our calculations, this term is
omitted according to Ref.[24, 25, 26]. Then, we obtain
dmod1sσg (p) = N1sσg [−2i cos(p ·R/2)d1s(p)]. (5)
In Fig. 1, we plot the harmonic spectra of 2D H+2
with Z = 1, R = 2 a.u. at different laser intensities
and orientation angles θ, obtained by the exact numeri-
cal calculation. The comparison between the black and
red curves in each subpannel of Fig. 1 shows that the
harmonic spectra have a broad region within the HHG
plateau with highly suppressed harmonic emission rate.
The center of the suppressed region shifts to higher har-
monic order as the orientation angle θ increases. The
broad suppressed regions arise from the two-center in-
terference effect in the molecular HHG[2, 20]. But the
locations of the minima in the broad suppressed regions
are difficult to identify in some cases. For example, for
θ = 500, in Fig. 1(c), the minimum is clear at the 67th
order. Fig. 1(b) is not as clear as Fig. 1(c).
It has been revealed in Ref.[22] that the interference
minima in the molecular HHG spectra may shift as the
laser intensity changes. In particular, according to the
simple point-emitter model proposed in Ref[3], for H+2
with R = 2 a.u. and θ = 500, the predicted interference
minimum is at the 51st order. Compared to the observa-
tion of the 67th order in Fig. 1(c), a large shift of about
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Figure 3: Harmonic spectra of 2D H+2 with Z = 1, R = 2
a.u. at different laser intensities and orientation angles θ,
calculated using the Lewenstein model.
16 orders occurs here. Based on the above analyses and
discussions, we expect that probing molecular structure
using the pronounced interference-related minimum can
not be applicable in some cases.
However, as we can see in each subpannel of Fig. 1,
the two harmonic spectra at different orientation angles
θ demonstrate an intersection in the plateau region. For
example, in Fig. 1(c), the black curve for θ = 400 is lower
from the 19th to the 49th order, while the red curve for
θ = 500 is lower from the 49th to the 93rd order. The
striking intersection of the two curves is at the 49th or-
der. As the laser intensity changes, the intersection of
the two curves is almost invariable, as indicated by the
vertical solid line. The calculated harmonic spectra at
other orientation angles θ also show the similar phenom-
ena as those revealed in Fig. 1. But the intersections
of the harmonic curves change as the orientation angles
change. For example, as presented in Fig. 2, the inter-
section of two harmonic curves at θ = 300 and θ = 500
is at the 39th order (indicated by the vertical solid line).
This is different from that in Fig. 1.
Next, we concentrate on the physical mechanism be-
hind these phenomena. In Fig. 3, with the same parame-
ters as in Fig. 1, we plot the harmonic spectra calculated
using the Lewenstein model Eq. 2 and the modified tran-
sition dipole Eq. 5. One can see that the primary charac-
teristics of the harmonic spectra in Fig. 3 are analogous
with those of the corresponding curves in Fig. 1. For
instance, in each subpannel of Fig. 3, the intersection of
two harmonic spectra in the plateau region is at the 49th
order, as indicated by the vertical solid curves. This is in
agreement with that in Fig. 1. The parallelism between
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Figure 4: Function curves of S(nω0) and harmonic spectra
of 2D H+2 with Z = 1, R = 1.7 a.u. at different orientation
angles θ. (a): Function curves; (b), (c) and (d): harmonic
spectra obtained by the exact numerical calculation. The
laser intensity used here is I = 8.5× 1014W/cm2.
the corresponding curves in Fig. 1 and Fig. 3 shows that
the modified model, i.e., Eq. 2 with Eq. 5, is applicable
here for the description of the molecular HHG, especially
for the angle dependence of the HHG. This applicability
is also consolidated below.
From the expressions of Eq. 2 and Eq. 5, we con-
jecture that the effects of two-center interference are re-
sponsible for the intersections of the harmonic spectra at
different orientation angles. This conjecture is verified
by the following analyses. According to Ref.[1, 9], the
harmonic intensity F (Ω = nω0, θ) along the laser polar-
ization can be written as F (Ω, θ) ∝ Ω4|a(Ω, θ)D(p, θ)|2,
where a(Ω, θ) is the spectral amplitude of the molecular
recollision electronic wave packet, D(p, θ) = ~e ·dmod1sσg (p),
and Ω = Ep+ Ip[27]. Ep is the electronic kinetic energy.
The spectral amplitude a(Ω, θ) is closely related to the
ionization process[8, 21]. The transition dipole D(p, θ)
corresponds to the recombination process. Both a(Ω, θ)
and D(p, θ) are alignment dependent[20]. Here, we focus
on D(p, θ). The angle θ in the expression of D(p, θ) is
contained in the cos function in Eq. 5. We extract the
cos function from D(p, θ), and write its power as
S(nω0) = cos(pR/2 cos θ) cos(pR/2 cosθ), (6)
with the dispersion relation nω0 = p
2/2, that considers
the electron acceleration before recombination[1]. n is
the harmonic order.
Based on the results shown in Fig. 3, we expect that
Eq. 6 gives a good description of the orientation de-
pendence of the HHG from H+2 . In Fig. 4 and Fig. 5,
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Figure 5: Function curves of S(nω0) and harmonic spectra
of 2D H+2 with Z = 1, R = 2.5 a.u. at different orientation
angles θ. (a): Function curves; (b), (c) and (d): harmonic
spectra obtained by the exact numerical calculation. The
laser intensity used here is I = 8.5× 1014W/cm2.
we show the comparisons between the function curves of
Eq. 6 and the corresponding harmonic spectra at varied
orientation angles θ and internuclear distances R. These
comparisons demonstrate the applicability of Eq. 6 in the
prediction of the intersection of two harmonic spectra at
different orientation angles θ.
Specifically, for R = 1.7 a.u., in Fig. 4(a), the formula
predicts that the intersections of two harmonic spectra
are at the 45th order for θ = 300 and θ = 400, the 53rd
order for θ = 300 and θ = 500, and the 61st order for
θ = 400 and θ = 500. In the numerical cases in Fig.
4(b)-(d), the corresponding intersections are at the 47th
order, the 57th order and the 65th order, respectively.
For R = 2.5 a.u., in Fig. 5(a), the formula predicts that
those are at the 29th order for θ = 400 and θ = 500, the
35th order for θ = 400 and θ = 600, and the 43rd order for
θ = 500 and θ = 600. In Fig. 5(b)-(d), the corresponding
intersections are at the 37th order, the 39th order and
the 47th order, respectively. The large difference in the
case of θ = 400 and θ = 500, is due to the breakdown of
the dispersion relation, used in our simulation, in the low
energy region[28, 29]. For R = 2 a.u., the formula also
gives a good prediction.
In addition, one can see from Fig. 4 and Fig. 5 that,
the interference-related minima are not distinct in the
harmonic spectra. It should be mentioned that our nu-
merical method and obtained HHG spectra are compara-
ble to the previous work of Ref.[2, 3, 4]. However, in con-
trary to the claim of Ref.[2, 3, 4], we find that the broad
suppressed regions in the harmonic spectra arise from the
effects of two-center interference in the HHG, while the
locations of the interference-related minima in the HHG
spectra predicted in Ref.[2, 3, 4] are difficult to identify,
as shown above. Notice that in Ref.[3, 4], a spectrum-
smoothing procedure is used to help the identification of
the interference minima. This procedure is not adopted
in our analysis, since we think it somehow ambiguous
and we expect a ”direct” comparison of the numerical
observations to the experimental measurements.
There are two factors those could influence the posi-
tion of the interference minimum. First, two-center in-
terference occurs not only in the recombination process
of the HHG, but also in the ionization process of the
HHG (into intermediate continuum states). The interfer-
ence factor cos(P ·R/2) is also included in the transition
dipole dion(p) in Eq. 2 that corresponds to the ioniza-
tion process. As a result, the spectral amplitude a(Ω, θ)
of the molecular recollision electronic wave packet, which
is responsible for the fine structure of the molecular HHG
spectrum, may be affected by the interference[20]. Sec-
ondly, besides the ground state, the first excited state can
also contribute to the harmonic emission in the broad
suppressed region of the molecular HHG spectrum[30].
Accordingly, the interference pattern may be modulated
by the population of the first excited state.
However, the parallelism between the predictions of
Eq. 6 and the numerical results, as discussed above, re-
veals that the intersections of the HHG spectra could be
less influenced by the two factors. Particularly, compared
to the interference-related minima, the intersections are
easier to identify. These suggest that we can measure
the molecular bond length through the measurement of
harmonic spectra at different orientation angles θ, using
the following equation
S(nsω0, θ1) = S(nsω0, θ2), (7)
where ns is the harmonic order that corresponds to the
intersection of two harmonic spectra at the orientation
angles θ1 and θ2.
In conclusion, we have shown that due to the effects of
two-center interference in the HHG, the harmonic spec-
tra of H+2 at different orientation angles demonstrate the
striking intersections in the high-frequency plateau re-
gion. The phenomena discussed here are general. They
are expected to appear in other species of molecules. Our
results can be useful for promising applications allowing
to use the ”intersection” phenomenon as a prospective
tool to probe the molecular structure and dynamics.
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